Nowadays, the interest in analyze and study the behavior of uncontrollable nature phenomena related to the impact of marketing campaigns is an action of prime importance to prevent chaotic dynamics. In this paper we assess the influence of Dynamical Systems theory and Mathematical Epidemiology on a real viral marketing campaign: Dove Real Beauty Sketches, based on a SIR epidemiological model. Motivated by the overwhelming success of this campaign, we study the mathematical properties and dynamics of the campaign real data -from the parameters estimation and its sensitivity to the stability of the mathematical model, simulated in Matlab. Mathematically, we show not only that the campaign was a viral epidemic, but also that it can be leveraged and optimized by epidemiological and mathematical modeling, which offer important guidelines to maximize the impact of a viral message and minimize the uncertainty related to the conception and outcome of new marketing campaigns.
Introduction
Viral Marketing (VM) can be seen as an advertising strategy that benefits from the impact of network effects, mainly of word-of-mouth, within a specific set of population [1] . Due to the fact that, according recent studies, people tend to trust and be influenced by their social network (e.g. friends, coworkers or relatives) in detriment of standard media, VM is one of the most efficient strategies to face stochastic behavior related to general viral marketing campaigns [1] . Unlike most other marketing techniques, VM is a powerful marketing option to reach the masses with a low cost associated to it [2] . Whereas, in traditional marketing, communication strategies are deeply concentrated in the customer, VM creates mechanisms in order to avoid the implication of the original source, by increasing information exchange among customers and consumers [3] . Moreover, VM has a snowball effect by replicating the message among the susceptible population, increasing the number of infected individuals [4] .
However, to be successful, this marketing method requires that the message involved in the process must be attractive to the target audience. Hence, in order to meet the challenge of increasing competition among marketing companies, researchers and marketing professionals have been trying to design marketing advertisements with robustness and resistance to fast followers [5] . In this regard, since the behavior of an epidemic is analogous to VM, the relationship between Epidemiology and Marketing, despite being recent, has been increasingly explored by researchers [6] . As the main motivation, to contribute to the development of this relationship, this paper studies mathematical properties of a specific viral campaign -Dove Real Beauty Sketches -modeled by a SIR epidemiological model under Dynamical Systems and Mathematical Epidemiology theory. As a result, we show some aspects which stand out how can VM campaigns be improved, during its planning phase. In a sense, the choice of this viral campaign is related to the fact that it was a perfect sample of an advertising that combines both solid marketing strategies and resistance to imitation.
Produced in 2013, Dove Real Beauty Sketches is a short movie within the marketing campaign for Real Beauty by Dove. As a viral marketing campaign, Dove Real Beauty Sketches focuses on state the definition of beautiful, promoting self-esteem among women from different age and make themselves safe and confident about their look [7] .
The campaign was a huge success across the globe, considered the most viral video advertisement of all time [8] , and represents an excellent example of how to build a successful viral marketing campaign. The article is organized as follows. In Section 2, supported by Dove Real Beauty Sketches marketing campaign real data, is formulated and discussed the mathematical model. After the model formulation, Section 3 presents the parameters estimation, simulated in Matlab. In Section 4 we study the dynamics of the model, under Dynamical Systems and Mathematical Epidemiology theory. In addition, also in this section, the mathematical behavior is sustained by marketing concepts related to the campaign. Conclusions are carried out in Section 5.
SIR epidemiological model
Taking into consideration that VM can be modeled under standard epidemic models [9, 5] , we consider a SIR epidemiological model to analyze, over time, the dynamics of the Dove Real Beauty Sketches marketing campaign.
This model describes the variation, in time, of the susceptible, infected and recovered population by the following system of ordinary differential equations, subject to initial conditions related to the campaign real data [8] :
S(t), I(t) and R(t) represent, respectively, the mutually-exclusive compartments of susceptible, infected and recovered population at time t. In terms of marketing, we define compartment S(t) as the audience that marketers want to reach with the marketing message; I(t) as the individuals that transmit the message or recommend a product to friends or relatives, motivated by monetary interests or just for the attractiveness of the intended message, and R(t) as the portion of population that stops transmitting the message because, for instance, it is no longer appealing. Regarding to the parameters in terms of epidemiology, β, γ > 0 traduce, respectively, the infectivity and recovery rate. In the marketing context, β can be seen as the predisposition to deal with the message and be motivated to share it, and γ as the interruption of the message transmission by individuals [5] . Regarding to the construction of the model equations, the rate βS(t)I(t) results from the probability of transmit the message, within the susceptible population, by an individual who had contact with a susceptible one
S(t) N
, multiplied by the number of new transmission cases in time (βN ) per infected individual (I(t)). Over time, individuals stop to share the marketing message according to the rate (γI(t)).
The total host population N , estimated by 10 9 [10] , is considered constant in time, i.e.,
Another relevant aspect related to the dynamics of the SIR model is the asymptotic state of the susceptible population. In this sense, marketers should predict the expectable duration time of the success related to the campaign diffusion. Thus, by [11] , the evolution of the number of susceptible individuals, over time, can be measured by the following expression
Since I ∞ = 0, we can also deduce that, over time
and, consequently,
These expressions allow marketers to have a global view, in real time, about the evolution of the formulated system. As expected, according to (2) , the number of individuals who have not been in contact with the viral message tends to decrease over time, since the number of infected individuals tends to grow up as long as the message continues to be appealing to the diffusion agents. Over time, by (3), when the message is no longer a novelty, the number of people who stop to share it increases. Noting that R(t) derives from S(t) and I(t) and considering (1) and its initial conditions can be rewritten as:
To the marketing message be widely diffused, it is clear that the number of infected individuals must increase, i.e., d I dt > 0. Considering S ≈ 1 in this inequality, resulting from the fact that in the beginning of an epidemic almost everyone is susceptible, we get β γ > 1. The basic reproduction number,
is defined as the expected number of secondary infections produced by a single infected individual, in a susceptible population, and governs the behavior of the SIR model, hence its importance. In the marketing context this number represents secondary transmissions sent by a single individual to a specific target audience. Moreover, if R 0 < 1 the message is not widespread. On the other hand, if R 0 > 1, the message is broadly sent among the susceptible population [5] . The basic reproduction number is determinant on the system dynamics, as we shall see later.
Note that, by the side of marketers, an accurate estimation of the parameters β and γ deeply helps to monitor the evolution of the campaign among the social network environment. Hence, in the next section, we estimate β and γ in order to adjust the model with the campaign real data.
Parameters estimation using an optimization approach
The estimation of β and γ has a significant importance in the model dynamics and adjustment to the campaign real data. However, it is not trivial to find strategies or recipes to estimate model parameters. Moreover, in the marketing field, this difficult increases exponentially, due to its erratic behavior. Another important aspect is linked to the fact that, related to the word-of-mouth and network effects processes, social behavior is not predictable with a desired accuracy. So, find a perfect method to estimate parameters related to stochastic patterns it is quite difficult, and marketers must take these critical aspects into account upon the design of future campaigns, in order to have more control on the evolution of it. Although, there are accurate estimation methods among the literature to fit the model to data from an outbreak. Based on [12] , for this particular model, we considered Least Squares Parameter Estimation method and ode45 routine in Matlab. Using these optimization techniques, were obtained β = 20.4843 and γ = 19.7947 for optimal parameters. This information allows to conclude that R 0 > 1, which represents an epidemic related to the success of Dove Real Beauty Sketches. In addition, in case of the incorporation of control variables into the mathematical model, parameters estimation assumes a key role in order to understand, in mathematical terms, not only the real impact of an advertisement, but also the costs associated to its launch. In the appendix of [13] it is possible to find the sensitivity equations for the SIR model, which constitute an important indicator to study the effect of β and γ variation. In this context, we performed some simulations to assess and analyze the parameters variation (Fig. 1) . Fig. 1 (left) , the optimal values obtained show an almost perfect fitting to campaign real data and it becomes clear that a slight variation on the optimal parameters leads to a misalignment between the estimated and real data ( Fig. 1 (right) ). So, we can characterize the estimation of β and γ as an illconditioned problem. At this point, some guidelines can be given to marketers. With a strong applicability, the Least Squares Parameter Estimation method leads to accurate results, minimizing the error related to the parameters adjustment with model data. Hence, as well as others, it can be used to manage more efficiently the model dynamics related to future viral campaigns. In this regard, combining with prediction models, a more controlled model dynamic, resulting from an accurate parameters estimation, suggests less costs to the marketerssince the expected margin of error should be residual.
Stability and dynamics of the model
This section performs a stability and dynamical analysis of the model, by linking it to the Dove Real Beauty Sketches marketing campaign, based on Mathematical Epidemiology and Dynamical Systems results. Henceforth, as a starting point to analyze and discuss mathematical properties related to stability and dynamics of the model, it will be considered the system (4) with its initial conditions, for all S, I ∈ [0, 1]
2 . Note that the system of ordinary differential equations is autonomous, since S and I do not depend explicitly on time t.
It is possible to write (4) in the matrix form
where
β S(t) I(t) β S(t) I(t) − γ I(t)
.
By solving f (x(t)) = 0 IR 2 it is concluded that all the points in the form (S * , 0), where S * can be any number on [0, 1], are equilibrium solutions of the system. However, special focus is devoted to two disease-free equilibrium points: E 1 = (1, 0), when the levels of infection are null, and E 2 = (0, 0), related to the end of the epidemic, when R = 1. In analyzing equilibrium solutions it is pertinent to obtain the linearized matrix of the system (4), in a neighborhood of a critical point (S * , I * ), for which I * = 0.
Considering the characteristic equation det(J f (S * , 0) − λI 2 ) = 0, the eigenvalues of J f (S * , 0) are λ 1 = 0 and λ 2 = βS * − γ. In general, by evaluating the eigenvalues at the equilibrium solutions, we can infer its stability. However, for E 2 , linear stability analysis may not be sufficient. In this particular case are necessary more advanced mathematical techniques to study the dynamics of the system around E 2 . Firstly, considering the optimal parameters obtained in the previous section and the disease-free equilibrium solutions it follows, for E 1 and E 2 , respectively, that
In relation to E 1 , since (λ 2 ) > 0, according to basic stability properties of linear systems, E 1 is an unstable solution. Establishing a relationship with marketing, this solution corresponds to the case that the number of individuals who recommend the marketing campaign increases faster than it stops being shared (viral marketing epidemic). Considering the equilibrium E 2 , is not possible to conclude, from the linear stability analysis by itself, whether or not the equilibrium solution E 2 is stable. In this regard, the behavior of the autonomous systems as well as its equilibrium solutions can be described through a phasespace. Thus, in a two-dimensional space, the orbits of the system (4) can be described by the equation
This expression enables marketers to predict the final state of the epidemic, from a specific initial state. In this context, through d I dt = 0 we can calculate the maximum number of infections, at a time t. This number is obtained when
. Thus, by substituting S = 1 R 0 and I = I max , the maximum number of infections in time is given by
Generated by (6) , Fig. 2 shows one orbit of the SIR system and traduces the impact, in time, of the Dove Real Beauty Sketches marketing campaign.
Following an assertive analysis of the Fig. 2 , S = 1 represents the launching of the marketing campaign, where almost nobody knows about it ( I ≈ 0). Over time, individuals begin to spread the marketing campaign through network effects and the number of people who have contact with the marketing message reaches a maximum level (viral epidemic), that is
Thus, when a large portion of people have already contact with the campaign, the number of infected people tends to decay to zero, and the number of people who can have contact with the marketing message tends to stabilize around (4) and, for each trajectory considered, the initial and final point are marked with a circle and a square, respectively. Figure. 3 (right) displays the vector field of the linearized model, generated by (5) at the equilibrium E 1 . From the phase-plane analysis we infer that E 2 is stable, since all trajectories starting in an arbitrary a ∈ B(E 2 , δ), for δ > 0, move about a finite range of distance, converging to an ending point b ∈ IR 2 + nearby E 2 . In other words, the solutions contract back in the direction of E 2 . In what concerns to the vector field showed in Fig. 3 (left) , the vectors behavior is perfectly expectable due to the fact that, by the first equation of (4), d S dt < 0, since S, I > 0. At this point, S = 1 R 0 is crucial to understand the dynamics of the system. For starting points (a 0 , b 0 ) ∈ IR 2 + in a neighborhood of (S * , 0), for which S * 1 R 0 , the trajectories tend to return to a nearby solution (S f , 0) ∈ B(E 2 , δ), for δ > 0. Relating to the marketing context, this means that if a small group of persons have contact with the marketing campaign, then it will not be widespread (no viral epidemic).
Concerning to E 1 , as calculated previously, this solution is unstable, since the trajectories grow away from the equilibrium, and computing simulations confirm this findings (Fig. 3 (left) ). In other words, supposing that starting points
+ are nearby (S * , 0), for which S * > 1 R 0 , the trajectories tend to diverge from the equilibrium, causing a viral epidemic. Hence, these equilibrium solutions are unstable. In terms of marketing, this means that the number of infected individuals -who recommend the campaign -tends to, gradually, grow up, until the maximum level of infection be reached. Then, over time, this number tends to fall down to nearby zero. According to Fig. 3 (right) , the instability of E 1 is even more evident, through the vector field, which corroborate that Dove Real Beauty Sketches marketing campaign was a viral epidemic.
Conclusions
In this paper, we studied the impact of Dynamical Systems and Mathematical Epidemiology on the dynamics of a specific viral campaign. We considered a SIR epidemiological model and performed a parameters estimation. Some numerical simulations showed not only that Dove Real Beauty marketing campaign was a viral success in terms of marketing strategy, but also that mathematical analysis, applied to viral campaigns, can provide a key to differentiation on the marketing market. We also studied the stability of the two disease-free equilibrium solutions related to the SIR epidemic model. To the marketing business, this model creates an interesting application since it is a cheap and efficient way to measure the stochastic behavior of a marketing campaign. However, some drawbacks can be pointed out to the model: the parameters estimation is not a trivial task, due to the challenge in predict the behavior and dynamics of a viral campaign, and a slight variation on the input data can lead to huge variations on the output.
All in all, the use of Dynamical Systems and Mathematical Epidemiology theory has a very positive impact on the orientation and analysis of successful and general viral marketing campaigns.
